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Recap (I): Fundamental observations
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® Features — origin
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Recap (I1): Key insights

The slab model

Q{} _ > ® Definition of grammage
* 2

sources mater density observer ® From B/C: average grammage of ~ (a few)gcm™

® Requires crossing the disk thousands of times

The leaxy-box model

dNg M

dt = _E — Nlrl + Ql ® to. = 0(10) Myr
dN, N. ic-

T; _ _tiz — Nolp + TNy ® Cosmic-ray clocks

® Grammage rigidity-dependent

Supernova remnants

Presence of strong shocks

Observation of PeV particles

Energetics
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Outline

@ Cosmic-ray transport
m The transport equation
m Diffusion
m Other processes
m Galactic transport
m Beyond quasi-linear theory
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Definitions

® We will consider the differential (in momentum p) particle density 1,

¢(I’ p; t) - 47I'p ﬁ)(l’ P, t) = 7P

® Can also express this as differential in energy E, 1),

d E
Brpt) = g = GE0np6) = 0 p )

® What is measured is the intensity

d*N -
~J(r, p, t) = pfo(r,

S0P t) = A draQdE ~ 4n
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The transport equation

881? =V (k- Vi — Uyy) spatial diffusion and advection
0 0 1
+(37p < ZD[JDS? ?u> momentum diffusion
—|—g dp B (V-U)yy; momentum change incl. adiabatic
op dt 3 J .
—VNgasOjthj — % spallation and decay
J
L/ .
+VNgas kzw(fkﬁﬂ/k + Z . spallation and decay
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Mathematical description
Ginzburg & Syrovatskii (1964)

Transport equation

;i

0
5.~V (Vi —u) + o (E(V ww) =g

1 4

Application to galactic halo:

Application to blast wave:

-
-
— 2Zmax
(3/4)Usn

upstream rest frame downstream rest frame
Shock acceleration Diffusive escape
. —2.4...-1.9 2.2 _
Source spectrum: q(R) < R Observed spectrum: 1(R) o Z((% eg ZorocR7*8

Axford, Leer, Skadron (1977); Krymskii (1977); Bell (1978);
Blandford, Ostriker (1978)
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The transport equation

881? =V (k- Vi — Uyy) spatial diffusion and advection
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CRs are a collisionless plasma

® From local measurement ecg ~ 1eVem ™3 = ncg ~ 10 %cm—3

® Inelastic collisions, typically o ~ 100 mb = 107>° cm?
= A= (nCRO')_l
=10*cm ~ 3 x 10 kpc

— (mean free path) > (size of the system)

— CRs described by the collisionless Boltzmann equation:

af  of . .
= g T VFEBVef =0

Philipp Mertsch
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Diffusion

® But CRs interact with the magnetic field in the background plasma
® Homogeneous field Bo — gyration

® Magneto-hydrodynamic (MHD) equations allow for small-amplitude solutions B: plasma waves

heas )k
N ‘

Alfvén Magnetosonic
Magnetohydrodynamic Waves

Examples

.

® Can perturbatively derive a diffusion equation:

o ) o
afv-(h-va)d}fO
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Resonance condition
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Cosmic ray particle + Circularly polarised plasma wave (in phase)
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Pitch-angle scattering

Resonance condition k v = £ satisfied
= pitch-angle <t (v, Bo) changes

Interacting with waves with random phases
= Random walk of pitch-angle
= Pitch-angle scattering

30 July 2026
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Diffusion

1

® Resonace condition: k==oxp"
v
52
® Scattering rate M(k) ~ Q‘SB gk) ~ Qk P(Qk)
B§ B2

® Wave power spectrum  P(k) ~ /d3r " *(6B(ro)dB(ro + 1)) o k>3

® Pitch-angle scattering induces spatial diffusion:

@ 1 (kPN s

Resonant interactions

P(k) #(R)

krg ~ 1
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Momentum diffusion

® Waves carry a momentum
® When scattering particles, can transfer momentum to CRs
® |f angular distribution of waves is not isotropic, CRs get accelerated

® Stochastic process, can be described as diffusion in momentum space:
Of 10 Of
(.7 ) (7 P2 Dpp (7 0
ot  p?0p op

O 0 0 1
(.7(*,(* PQDIJD.(*T‘—' =0
ot Op op p?
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Momentum change

CRs lose energy by interactions with radiation fields:

m Synchrotron emission
m Inverse Compton scattering

® . ..or gas:

m Bremsstrahlung
m lonisation losses
m Coulomb scattering

® Adiabatic losses or gains:

® |n transport equation:

Philipp Mertsch 30 July 2026 15 /49



Spallation and decay

& er-

carbon \ boron

nucleus @ nucleus

® |n leaky box model, considered a global rate, e.g

dN» N>
—L =2 Nola+T1 0N
at . ol o+l 1 50N
® |n a diffusion model d?P
T D —VNgasTjYj+VNgas E Ok—j Pk

k>j
® Additionally, decay:

Wy

Ty
k>) k—j

Philipp Mertsch
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The transport equation

Wi _9 - (s iy — Ugy)

ot
o (o, 01
= p?Dpp— =1
"op <p " op pz”)
9 (_dp, P _
+87P( a¢1+3(v U)%)

w.
oty —
J

+Vng3520'k4‘jwk + Z Uk

—
K> > Kk

Philipp Mertsch

spatial diffusion and advection
momentum diffusion

momentum change incl. adiabatic
spallation and decay

spallation and decay
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The transport equation

oY; e .
8% =V - (k- Vi) — Uyy) spatial diffusion and advection
0 0 1
- pQD,),,,(— — Y momentum diffusion
op op p?
0 p . . .
+8p 1/J, 3 (V-U)yy; momentum change incl. adiabatic
I ,
—VNgas O} — = spallation and decay
J
Yk .
as llat dd
+vng kz:UkAJUk + Z o spallation and decay
>j k>j

22max
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Leaky box model

® Can derive leaky box model from transport equation

% =V (k- Vi = Udy) = g+ D (vigasokos;) i — (Vigasoi) ¥
j<k

® Integrate over CR halo, N; = [dV ¢;:

IN; IN;
aftj - /dV [V (k- Vi — ij)} = 87; + /dS~ Fi=Q+ Z(V"gasffk—u') Nic = (vngasoi) Nj
—_F: N — Jj<k
J _ N
=_Tesc
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Simplified 1D model

Simplify transport equation:

o 824; ;i
824; 7] 1

—K ¥ —uzX Y + (Zhé(z)vngasaj ) pj = 2hé(z)q; + Z (2h6 (2)vngaso—j + ) [y
0z2 0z oy Thk—j

Solution

U . Zmax —Z
2 Zmax (qj + ij vngasakﬁjd)k) e2rx sinh [%]
¢j(z7 P) = <

2hvigssoj+U + —— 27 coth [m]) sinh [L]
Zmax Zj % J
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Simplified 1D model
Simplify transport equation:
;i 82wj o

Z (Vngas(z)gkﬁj‘i’ ! )wk

; 1
— — K fojJr(vnasza-Jr—)w-:q'Jr
ot 922 oz gas(2)7] ) ik Thk—j
524): O 1 1
_ Y Uﬂ + (2h6(z)vngaso'j + 7) ¥ = 2h8(z)q; + Z (2h6(z)vngasak*)j + ) Pk
0z2 0z 7 <k Tk—j
Solution
Dty (qj = Zk>j Vngasa'kﬁjwk>
wf(oa P) = K
(2hvngasaj F )
zmax

evaluate at z=0

source spectrum

bient CR t =
ambien spectrum diffusion coefficient
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Green's function approach

e Solve simplified transport equation for e

O 0w s o (0s ) = - (00(E)

® For homogeneous energy loss rate dE/dt, energy becomes pseudo time

® Heat equation

_ 2 o dE
= (r, E 1) = (v(E,1)) 32 o/ (Eun) f((EO))Q(Eo)
dt

where Ey = Eo(E, t) and

*(E, t) :4/ dE’;é’jd)t
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Green's function

—3/2 dE(F
iﬁi(l’, E, t) _ (TrZZ(E, t)) e—lr—rQIZ/ZZ(E,t) ddEt( ) Q(Eo)
¢ (Bo)
s Mertsch (2018)
10
104 4 t=1000yr
10° 3
; 102 . — S=03 kpC
& ---- s§=1.0 kpc
'S
mL“ 10t /=AUy s=3.0 kpc
100 -
10—1 -
1072 = T
10° 10! 10? 103 104 10° 106
E [GeV]

with ke = koE°, 9€ — hoE?, Q(Eo) o E; " exp[—Eo/Ec]

1E
dt
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The cosmic-ray transport equation

% =V - (k- Vipj — Ut))) spatial diffusion and advection
+8gp (p2Dpp§p%1/1j) momentum diffusion
-I-g —@w- +P (V-U)yy; momentum change incl. adiabatic
op dt ™’ ' 3 / ’
—VNgas0j ) — % spallation and decay
Tj
Y .
+ Vigas kz Ok—ji + Z T_U spallation and decay
>j k>j
+S; primary sources

Idealised setup
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The cosmic-ray transport equation

0Y;

0 2 () 1
2D, L =
Jr()p( pp(’)ppzlj>

ot =V - (k- Vipj — Ut))) spatial diffusion and advection

momentum diffusion

spallation and decay

spallation and decay

+aﬁp (_di:wj + g (V- U)¢j> momentum change incl. adiabatic
B Y
VngasUﬂ/U 7
+Vngas Zakﬁj Uk + Z wk
Py Thk—j

Idealised setup Frequent assumptions

¢ Isotropy ® Symmetry
¢ Gaussianity ® |gnorable dimensions
[ ]

® Smooth source distribution
— Numerical solution needed

Philipp Mertsch

In reality

® No exact symmetries
* 3D

® Point-like sources
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Global fit

Large number of free parameters

® Unknown parameters:

m Source spectrum: P, yHe, 'yc; Nye, Nc; (ei parameters)

Gal. transport: kg; 01...05; Ri2...Ras; S12- .. a5

Solar modulation: ¢p, Get, Po— 1 Pruc 0(30)
Energy scale uncert.: aams.02, ®DAMPE: QceTop: “KASCADE

— Need to efficiently scan parameter space

® Used affine-invariant MC sampler emcee Foreman-Mackey et al. (2012)
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Cosmic ray results
Schwefer, Mertsch, Wiebusch (2022)

Protons

2g-1gp—1

10
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[ 68% region
95% region
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- i 1t
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: |
100 10% 10t 100 108

Ejin/n in GeV/n
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Anatomy of a diffusion coefficient
Schwefer, Mertsch, Wiebusch (2022)

—— Best Fit
68% region
95% region

—— Best Fit
- 68% region |
95% region

g | AMS-02 | AMS-02 I
= | DAMPE | DAMPE o
o | IceTop | IeeTop c
o 02 | KASCADE | KASCADE 3

; .
iy 1l i
11 it [

O gL Wl"u."ﬂ.l.i"c\ i 44111144 "»n'"""‘ i

_51[1“ 10% 10* 10° 10% _5111" 10? 10 100 10°
Egin/n in GeV/n Ejyin/n in GeV/n

103
~ o ® 1. Break: Hardening of spectra at low energies
¢ 10 e presk due to stochasticity effect Phan et al. (2021)
g e ® 2. Break: Transition from self-generated
g to external turbulence Biasi, Amato, Serpico (2012)
é 1st break 4th break ° 3 Break: ?I
3 00 .
5 « R0 ® 4. Break: Transition from resonant

to small-angle scattering
10%

107t 10° 100 102 10°  10* 105 105 107
Rigidity R [GV]
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Challenges

Schwefer, Mertsch, Wiebusch (2022)
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Challenges

Schwefer, Mertsch, Wiebusch (2022)
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Challenges

Schwefer, Mertsch, Wiebusch (2022)

1
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el

Significant speed-ups

. possible with ML emulators

Giinther (2023)
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Beyond quasi-linear theory

Lemoine, Kempski, ...

Magneto-hydrodynamic turbulence
— anisotropic power spectra
— efficiency of scattering reduced

Chandran, Cho, Lazarian, Yang, © Eyink+13
yin

1/1 B
\
‘/l'

Scattering with non-wave-like turbulence

3D MHD simulation?

W R e e e e R e R e

1
Magnetic field-line curvature scattering 1
— mean-free path comparable to quasi-linear theory :
1
3 coarse-graining on grid size 7 F

10-3 d d L d . L l L il .

10* 10° 10° 10°
KK, Ref. Yang+19

6
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Outline

@ Shock acceleration
m Shocks
m Macroscopic approach
m Microscopic approach
m Additional effects
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Shocks are ubiquitous

A flow is characterised by p, U, T

In general, functions of position

If they change abruptly, this is called a shock
Shocks are very common in astrophysics:

m Blast wave explosion
Accretion (onto star, black hole, galaxy cluster)
Mergers
Supersonic winds / outflows
Bow shocks (=supersonic flow around obstacle)
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Shocks are inevitable

® SN is expelling material at Us, > ¢
® Supersonic flow close to SN, subsonic flow at infinity

® Nature of supersonic and subsonic flows very different

e L i

Frammeegmic

w;y onic >

4 I
- )

— Connection must be discontinuous: formation of shock
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Parallel shock

® Consider non-relativistic shock in its rest frame

® Discontinuity in gas density and velocity:

1
p2=rp1 and U, = ;Ul

— Gas is compressed and slowed down

downstream upstream

|

Ush
T shock rest frame
Compression ratio
Depends on the ratio of specific heats ~:
o AT
v—1
For ideal mono-atomic gas: v =5/3=r =4
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The transport equation

O
v =V - (k
0
" op
0
Top

—VNgasTj1j —
gasOj W) — -

Z s P
+VNgas Ok—jPk + E

- Vb — Uvy)

2 01
<P Dpp%?‘-"}')

dp . p
(—Ewﬂ-g % U)ilfj)
b

J

—
K> K>y K

Philipp Mertsch

spatial diffusion and advection

momentum diffusion

momentum change incl. adiabatic

spallation and decay

spallation and decay
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The transport equation

=V (k- Vi — Uiy)

+
|
7N

Is

<

c

hSS
N———

Philipp Mertsch

spatial diffusion and advection

momentum change incl. adiabatic
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Macroscopic approach
Seminal papers in 1977/78 by Krymsky; Axford, Leer, Skaldron; Blandford, Ostriker

downstream upstream

|

Ush
T shock rest frame
® Consider steady-state transport equation for phase-space density f:

of 9 of pdUof _

Ox Ox Ox 3dxop
® For x #0,

F(x, p) = gi(p) exp |if€(p7);/Uj| + for x <0
' H(p) for x >0
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Macroscopic approach
Seminal papers in 1977/78 by Krymsky; Axford, Leer, Skaldron; Blandford, Ostriker

® Can derive matching conditions and find for the spectrum at shock,

P )
H(p) = prr/ dp’ p" -t + const. x p~ "
0

with spectral index I = ri'l

® With r ~ ;*—ﬂ =4, f(0,p) x p~* = (0, p) = 4np>f(0, p) o p~2

Strong (r = 4) shock accelerates CRs to p~2 spectrum!
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Microscopic approach
Fermi (1949)

® Collision of particle with oo massive cloud
clynd
e

® Two types of collisions:
m0c[0,5] “head-on”
m0c[F,n] ‘trailing”

Transform E and px to cloud frame (primed):

E{ = y(E1 + Up1 cos )

U
Pix = prcosf =~ <p1 cosf + —2E1>
C
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Microscopic approach

Transform E and px to cloud frame (primed):
E{ = v(E1 + Upy cos )

pix = prcost =~ <p1 cos 6 + C%E)

Collision in cloud frame:

m Energy conserved: Ej = E]
m Momentum flipped: p) = —p;,

Transform back to observer frame:

U
=7 <’Y(El + Upi cos0) + Uy <p1 cos @ + §E1>)

> U\?
=~ | E1+2Upicosf + E; <
2
:72E1 <1+2UV; cos + <g> )
c c
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Microscopic approach

Transform back to observer frame:

Expand +2 in U/c

and let vi ~ c:

=AE=E-E=F <2gc056’—|—2(

Philipp Mertsch

% U\’
Eg:"’,QE1 <1+2U;COSH+ (*) >
C Cc

7= (1= (UfeF) " =1+ (e

=E6E~F <1+2lcjc059+2((cj

V)
c

cosf >1 = energy gain
cosf <1 = energy loss

))
))

30 July 2026
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Microscopic approach
Seminal papers in 78 by Bell

(3/ 4)U,

downstream rest frame

upstream rest frame

® Particle crossing shock always suffers “head-on” collisions

— Systematic energy gain, AE/E ~ (Us/c)

Philipp Mertsch 30 July 2026 38/49



Non-linear shock acceleration

precursor
u, u—- E u, —
z 1o
8 ! Rtot
© -
> '
'
g Rsup H unmodified shock
L= O coommmmmmmmETeeS ="
modified shock
|
— 00 x=0 + 00
shock
front

Shock modification

® CRs contribute to the pressure of the system
® Slow-down of flow — precursor
® Compression depends on position

— Spectral curvature

Philipp Mertsch 30 July 2026 39/49



Outline

® Solar modulation
m Heliosphere
m Solar cycles
m Force-field model
m Drift effects
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Heliosphere

Solar direction of

Interstellar lons




Solar activity

Visible Light
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Solar activity
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Force-field approximation

® Transport equation:

of 10 /4 B
Efv-(n-foCvf)Jr3p28—p(pv-Vf)7q

with Compton Getting factor C = —% g::;

Assumptions
® Steady state: 9f /0t =0
® No sources: g =0

® No momentum loss in fixed frame: (%)

= Zero-streaming condition:

k-Vf—Cvf =0

Philipp Mertsch
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Force-field solution
Gleeson & Axford, Gleeson & Urch, Caballero-Lopez & Moraal

® Spherical symmetry: oF Vo or
por _

— +——=0
or 3k 0p
® Solved by method of characteristics:
froa(proa) = fus(puis)

TOA: top of the atmosphere, LIS: local interstellar

® Assume factorisation, k(r, p) = ko(r)p
nis
;v
® :/ dr
rron  3#o(r’)

y _(proa)®
roa(proa) = mJLIS(PTOA + )

= proa = pus — ¢ where

® Simple relation
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Vittino, Mertsch, Gast, Schael

— LIS ¢ AMS-02 (2014)
TOA ¢ time-averaged AMS-02 (2018)
secondary ¢ Voyager 1
extra
SNR ¢~

Philipp Mertsch
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Drift effects

® |n inhomogeneous B-fields, CRs move L to field lines:

of 1 0
— — V- (k-VFf— Cvf —vpf —_—
ot V(k-V v VD)+3p28p
where vp x V X b depends on charge
® Also: current-sheet drifts
MAGNETIC “0'2‘“0"

AXIS
CLOSED \
FIELDS \ B

Philipp Mertsch

(p3v . Vf) =q

CURRENT
SHEET

30 July 2026
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Charge-sign dependent modulation

positive
negative

olar . .
{ P . } direction
equatorial

positive
negative

equatorial . .
{ qu I } direction
polar

® |In A > 0 cycles, { } particles arrive mostly from

® In A <0 cycles, { } particles arrive mostly from

Drift patterns of positively charged particles

— Different propagation times — different energy losses — different modulation
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Any questions?
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Small-angle scattering

® Mean-square deflection from crossing one domain:

(50)%) ~ (L)

Number of domains crossed in time At:

cAt
Lc

N ~

7, ® Mean-square deflection from crossing N domains:
C

((A0)%) = N((66)%) ~ % <Lc>2

Tg c £

When ((A0)?) = 1, At = ty:

2
tse = E <E>
c \ L

Spatial diffusion coefficient:

n—C:t _cke (Y
T3 3 \ L
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We do not understand how supernova remnants accelerate to Eynee

What is Epax?
K $—— Diffusion coefficient

® Equate age with acceleration time: tage = tacc = 8U—52h
Gyro radius
® Assume Bohm diffusion: K= Cloip _ fs _ € Emax
3 3 3 gB
® Hillas-like relation: = Emax ™ th qBtage or Ush gBR
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We do not understand how supernova remnants accelerate to Eynee

What is Emax?

® Equate age with acceleration time:  tage = tacc = 8-+ Diffusion coefficient

Us,
Gyro radius

e Assume Bohm diffusion: K= Cé:?fp = % = %Equax

U3 U.
*h 4 Btge or h
c c

® Hillas-like relation: = Enax ™~ gBR

® With typical values: Ush = 10*kms™! , B=1uG, tge= 10° yr

= Emaxp =~ 100 TeV < Exnee

Lagage and Cesarsky (1983)

Choosing larger tage does not help: Usp o t;gi/s, so Emax decreases with time
Need to amplify B-field to B ~ 100 G
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The Bell instability can amplify B-fields

Bell (2004)

® |f B-field too weak, particles escape
Cosmic ray . .
electric current j — Electric current j

® \Waves modes unstable in the presence of current j

upstream rest frame
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The Bell instability can amplify B-fields

Bell (2004)

® |f B-field too weak, particles escape
Cosmic ray . .
electric current j — Electric current j

® \Waves modes unstable in the presence of current j

upstream rest frame

® CRs with gyroradius rg tied to field lines

— Instability saturates once A ~ ry

) . - U.
® B-field density satisfies eg ~ ?ShECR
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The Bell instability can amplify B-fields

Bell (2004)

® |f B-field too weak, particles escape
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The highest CR energies can be achieved at start of Sedov-Taylor phase

® Shock speed Us, enters into growth rate « through escape current j

® Saturation field B o Us3h/2

—3/5
° Ush o€ tage/

2 —11/10
5 Enmax & U2, Blage o tags"/

Caprioli, Blasi, Amato (2009)
100.00 SEDOV—TAYLOR PHASE
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