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Recap (I): Fundamental observations

Spectrum
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Diffuse ν background

“knee”

“second knee”

“ankle”

• Power law → stochastic
acceleration

• Features → origin

Anisotropies

• Dipole a = O(10−3...−2)

→ Requires isotropisation

Composition

• Primaries: present in sources

• Secondaries: produced on
route

→ Requires isotropisation
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Recap (II): Key insights

sources matter density observer

The slab model

• Definition of grammage

• From B/C: average grammage of ∼ (a few) g cm−2

• Requires crossing the disk thousands of times

dN1

dt
= − N1

tesc
− N1Γ1 + Q1

dN2

dt
= − N2

tesc
− N2Γ2 + Γ1→2N1

The leaxy-box model

• tres = O(10)Myr

• Cosmic-ray clocks

• Grammage rigidity-dependent

Supernova remnants

1 Presence of strong shocks

2 Observation of PeV particles

3 Energetics
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Definitions

• We will consider the differential (in momentum p) particle density ψ,

ψ(r, p, t) = 4πp2f0(r, p, t) =
dn

dp

• Can also express this as differential in energy E , ψ̃,

ψ̃(r, p, t) =
dn

dE
=

dp

dE
ψ(r, p, t) =

E

pc2
ψ(r, p, t)

• What is measured is the intensity

J(r, p, t) =
d4N

dAdt dΩ dE
=

v

4π
ψ̃(r, p, t) = p2f0(r, p, t)
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The transport equation

∂ψj

∂t
=∇ · (κ · ∇ψj −Uψj) spatial diffusion and advection

+
∂

∂p

(
p2Dpp

∂

∂p

1

p2
ψj

)
momentum diffusion

+
∂

∂p

(
−dp

dt
ψj +

p

3
(∇ ·U)ψj

)
momentum change incl. adiabatic

−vngasσjψj − ψj

τj
spallation and decay

+vngas
∑
k>j

σk→jψk +
∑
k>j

ψk

τk→j
spallation and decay

+Sj primary sources
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Mathematical description
Ginzburg & Syrovatskii (1964)

Transport equation

∂ψj

∂t
−∇ · (κ ·∇ψj − uψj) +

∂

∂p

(p
3
(∇ · u)ψj

)
= qj

↓
Application to blast wave:

Shock acceleration

Source spectrum: q(R) ∝ R−2.4...−1.9

Axford, Leer, Skadron (1977); Krymskii (1977); Bell (1978);

Blandford, Ostriker (1978)

↓
Application to galactic halo:

Diffusive escape

Observed spectrum:ψ(R)∝ q(R)
κ(R)

e.g. R−2.2

R0.6 ∝R−2.8
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CRs are a collisionless plasma

• From local measurement εCR ∼ 1 eV cm−3 ⇒ nCR ∼ 10−9cm−3

• Inelastic collisions, typically σ ∼ 100mb = 10−25 cm2

⇒ λ = (nCRσ)
−1

= 1034 cm ≃ 3× 1012 kpc

→ (mean free path) ≫ (size of the system)

→ CRs described by the collisionless Boltzmann equation:

df

dt
=
∂f

∂t
+ ẋ · ∇f + ṗ · ∇pf = 0
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Diffusion

• But CRs interact with the magnetic field in the background plasma

• Homogeneous field B0 → gyration

• Magneto-hydrodynamic (MHD) equations allow for small-amplitude solutions δB: plasma waves

Examples

• Can perturbatively derive a diffusion equation:

∂ψ

∂t
−∇ · (κ · ∇ −U)ψ = 0
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Resonance condition
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Resonance condition

Cosmic ray particle
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Resonance condition

Cosmic ray particle
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Resonance condition

Cosmic ray particle + Circularly polarised plasma wave (in phase)
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Resonance condition

Cosmic ray particle + Circularly polarised plasma wave (in phase)

Lorentz force: F= q
v⊥ × δB

c
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Resonance condition

Cosmic ray particle + Circularly polarised plasma wave (in phase)

Lorentz force: F= q
v⊥ × δB

c
If Cosmic ray particle and wave in phase ⇒ coherent force
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Resonance condition

Cosmic ray particle + Circularly polarised plasma wave (in phase)

Lorentz force: F= q
v⊥ × δB

c
If Cosmic ray particle and wave in phase ⇒ coherent force

k v∥ = ±Ω
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Resonance condition

Cosmic ray particle + Circularly polarised plasma wave (NOT in phase)

Lorentz force: F= q
v⊥ × δB

c
If Cosmic ray particle and wave NOT in phase ⇒ NO coherent force
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Resonance condition
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Resonance condition
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Pitch-angle scattering

Resonance condition k v∥ = ±Ω satisfied
⇒ pitch-angle ∢ (v,B0) changes

Interacting with waves with random phases
⇒ Random walk of pitch-angle
⇒ Pitch-angle scattering
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Diffusion

• Resonace condition: k =
Ω

v
∝ p−1

• Scattering rate Γ(k) ≃ Ω
δB̃2(k)

B2
0

≃ Ω
k P(k)

B2
0

• Wave power spectrum P(k) ∼
∫

d3r eir·k⟨δB(r0)δB(r0 + r)⟩ ∝ k−5/3

• Pitch-angle scattering induces spatial diffusion:

κ ≃ c2

3Γ
∝ 1

Ω

(
k P(k)

B2
0

)−1

∝ p1/3

Resonant interactions

k

P(k)

krg ∼ 1
R

κ(R)
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Momentum diffusion

• Waves carry a momentum

• When scattering particles, can transfer momentum to CRs

• If angular distribution of waves is not isotropic, CRs get accelerated

• Stochastic process, can be described as diffusion in momentum space:

∂f

∂t
− 1

p2

∂

∂p

(
p2Dpp

∂f

∂p

)
= 0

∂ψ

∂t
− ∂

∂p

(
p2Dpp

∂

∂p

1

p2
ψ

)
= 0
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Momentum change

• CRs lose energy by interactions with radiation fields:
Synchrotron emission
Inverse Compton scattering

• . . . or gas:
Bremsstrahlung
Ionisation losses
Coulomb scattering

• Adiabatic losses or gains: (
dp

dt

)
ad

= −p

3
(∇ ·U)

• In transport equation:

∂ψ

∂t
− ∂

∂p

(
−dp

dt
ψ +

p

3
(∇ ·U)ψ

)
= 0
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Spallation and decay

• In leaky box model, considered a global rate, e.g.

dN2

dt
= − N2

tesc
−N2Γ2+Γ1→2N1

• In a diffusion model
dψ

dt
⊃ −vngasσjψj+vngas

∑
k>j

σk→jψk

• Additionally, decay:
dψ

dt
⊃ −ψj

τj
+
∑
k>j

ψk

τk→j
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The transport equation

∂ψj

∂t
=∇ · (κ · ∇ψj −Uψj) spatial diffusion and advection

+
∂

∂p
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p2Dpp

∂

∂p

1

p2
ψj

)
momentum diffusion
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∂

∂p
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−dp

dt
ψj +

p

3
(∇ ·U)ψj
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−vngasσjψj − ψj

τj
spallation and decay
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∑
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spallation and decay

+qj primary sources
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Leaky box model

• Can derive leaky box model from transport equation

∂ψj

∂t
−∇ · (κ · ∇ψj −Uψj) = qj +

∑
j<k

(vngasσk→j)ψk − (vngasσi )ψj

• Integrate over CR halo, Nj ≡
∫
dV ψj :

∂Nj

∂t
−
∫

dV

[
∇ · (κ · ∇ψj −Uψj)︸ ︷︷ ︸

=−Fj

]
=
∂Nj

∂t
+

∫
dS · Fj︸ ︷︷ ︸

≡−
Nj

τesc

= Qj +
∑
j<k

(vngasσk→j)Nk − (vngasσi )Nj

Philipp Mertsch Cosmic ray theory (II) 30 July 2026 18 / 49



Simplified 1D model

Simplify transport equation:

∂ψj

∂t
− κ

∂2ψj

∂z2
− U

∂ψj

∂z
+

(
vngas(z)σj +

1

τj

)
ψj = qj +

∑
j<k

(
vngas(z)σk→j +

1

τk→j

)
ψk

−κ
∂2ψj

∂z2
− U

∂ψj

∂z
+

(
2hδ(z)vngasσj +

1

τj

)
ψj = 2hδ(z)qj +

∑
j<k

(
2hδ(z)vngasσk→j +

1

τk→j

)
ψk

Solution

ψj(z , p) =
2zmax

(
qj +

∑
k>j vngasσk→jψk

)
e

zU
2κ sinh

[
zmax−z

zj

]
(
2hvngasσj+U +

κ

zmax

zmax

zj
coth

[
zmax
zj

])
sinh

[
zmax
zj

]

with zj ≡
((

U

2κ

)2

− 1

τjκ2

)−1/2

ambient CR spectrum =
source spectrum

diffusion coefficient
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Simplified 1D model

Simplify transport equation:

∂ψj

∂t
− κ

∂2ψj

∂z2
− U

∂ψj

∂z
+

(
vngas(z)σj +

1

τj

)
ψj = qj +

∑
j<k

(
vngas(z)σk→j +

1

τk→j

)
ψk

−κ
∂2ψj

∂z2
− U

∂ψj

∂z
+

(
2hδ(z)vngasσj +

1

τj

)
ψj = 2hδ(z)qj +

∑
j<k

(
2hδ(z)vngasσk→j +

1

τk→j

)
ψk

Solution

ψj(0, p) =
2zmax

(
qj +

∑
k>j vngasσk→jψk

)
e

zU
2κ sinh

[
zmax−z

zj

]
(
2hvngasσj+U +

κ

zmax

zmax

zj
coth

[
zmax
zj

])
sinh

[
zmax
zj

]

with zj ≡
((

U

2κ

)2

− 1

τjκ2

)−1/2

→ ∞; evaluate at z = 0

ambient CR spectrum =
source spectrum

diffusion coefficient
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Green’s function approach

• Solve simplified transport equation for e±

∂ψ±

∂t
−∇ · κ · ∇ψ± − ∂

∂E

(
dE

dt
ψ±

)
= δ(r − r0)δ(t)Q(E)

• For homogeneous energy loss rate dE/dt, energy becomes pseudo time

• Heat equation

⇒ ψ±(r,E , t) =
(
πℓ2(E , t)

)−3/2

e−|r−r0|2/ℓ2(E ,t)
dE
dt
(E)

dE
dt
(E0)

Q (E0)

where E0 = E0(E , t) and

ℓ2(E , t) = 4

∫ E

E0

dE ′ κ(E
′)

dE/dt

Philipp Mertsch Cosmic ray theory (II) 30 July 2026 20 / 49



Green’s function

ψ±(r,E , t) =
(
πℓ2(E , t)

)−3/2

e−|r−r0|2/ℓ2(E ,t)
dE
dt
(E)

dE
dt
(E0)

Q (E0)

Mertsch (2018)
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E [GeV]
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E3 F
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.u

.]

t = 1000 yr

t = 104 yr

t = 105 yr

t = 106 yr

s=0.3 kpc
s=1.0 kpc
s=3.0 kpc

with κxx = κ0E
δ, dE

dt
− b0E

2, Q(E0) ∝ E−Γ
0 exp[−E0/Ec ]
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The cosmic-ray transport equation

∂ψj

∂t
=∇ · (κ · ∇ψj −Uψj) spatial diffusion and advection

+
∂

∂p

(
p2Dpp

∂

∂p

1

p2
ψj

)
momentum diffusion

+
∂

∂p

(
−dp

dt
ψj +

p

3
(∇ ·U)ψj

)
momentum change incl. adiabatic

−vngasσjψj − ψj

τj
spallation and decay

+vngas
∑
k>j

σk→jψk +
∑
k>j

ψk

τk→j
spallation and decay

+Sj primary sources

Idealised setup

• Isotropy

• Gaussianity

• . . .

Frequent assumptions

• Symmetry

• Ignorable dimensions

• Smooth source distribution

In reality

• No exact symmetries

• 3D

• Point-like sources

→ Numerical solution needed
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Global fit

Large number of free parameters

• Unknown parameters:
Source spectrum: γp, γHe, γC; NHe, NC; (e

± parameters)
Gal. transport: κ0; δ1 . . . δ5; R12 . . .R45; s12 . . . s45
Solar modulation: ϕp, ϕe+ , ϕe− , ϕnuc
Energy scale uncert.: αAMS-02, αDAMPE, αIceTop, αKASCADE

→ Need to efficiently scan parameter space

• Used affine-invariant MC sampler emcee Foreman-Mackey et al. (2012)

O(30)
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Cosmic ray results
Schwefer, Mertsch, Wiebusch (2022)
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Anatomy of a diffusion coefficient
Schwefer, Mertsch, Wiebusch (2022)
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1.0 • 1. Break: Hardening of spectra at low energies
due to stochasticity effect Phan et al. (2021)

• 2. Break: Transition from self-generated
to external turbulence Blasi, Amato, Serpico (2012)

• 3. Break: ?!

• 4. Break: Transition from resonant
to small-angle scattering
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Challenges
Schwefer, Mertsch, Wiebusch (2022)
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Significant speed-ups
possible with ML emulators

Günther (2023)
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Beyond quasi-linear theory
Lemoine, Kempski, . . .

Magneto-hydrodynamic turbulence
→ anisotropic power spectra
→ efficiency of scattering reduced
Chandran, Cho, Lazarian, Yang, . . .

2D PIC simulation1: forced and decaying, 10 0002, e-e+, δB/B ~ 3, σ ~ 1 3D PIC simulation1: forced, 1 0803, e-e+, δB/B ~ 3, σ ~ 1

3D MHD simulation2: forced, 1 0243 x 1 024, < 𝐵 >= 0, 𝑣𝐴/𝑐 = 0.4 + synthetic turbulence3 : sum of plane waves (Alfvén 
or fast magnetosonic)

Refs: 1. V. Bresci, ML, L. Gremillet, L. Comisso, L. Sironi, C. Demidem 22 2. JHU database 3. Demidem+ 20

© Eyink+13 Note:    magnetization parameter  

Fermi acceleration in magnetized turbulence: comparison to numerical experiments

Scattering with non-wave-like turbulence

Field line curvature and spatial transport in magnetostatic turbulence?  
→ impact of field line curvature 𝜅1:  

as a particle crosses a region where 𝜅𝑟𝑔 ≳ 1 ⇒ strong, non-adiabatic scattering
… ``magnetic field line curvature scattering’’ in magnetospheric physics…
…  seen in a numerical model of a tokamak2 …

Refs.:  1. Chen+Palmadesso 86, Büchner+Zelenyi 89, …, Artemyev+13,…  2. Escande + Sattin 21 
3. Schekochihin+01, Yang+19, Yuen+Lazarian 20 4. Bandyopadhyay+20, Huang+20
5. M.L.23 [arXiv:2304.03023], Kempski+23 [arXiv:2304.12335]

statistics of 𝜅𝑙𝑙 from MHD simulation

→ in MHD turbulence:  
statistics of 𝜅𝑙 highly non-Gaussian3 at 𝑙 ≪ ℓ𝑐: p. d. f. (𝜅) ∝ 𝜅−2.5

… also seen in solar wind4

𝑩

𝑙

1/𝜅𝑙

→ consequences for transport5:  

… filling fraction of scattering regions: 
size 𝑙 ∼ 𝑟𝑔 with 𝜅𝑙 𝑙 ≳ 1

… at small 𝑟𝑔, powerlaw tail guarantees sufficiently many 
regions exist to sustain scattering…

… mean free path comparable to QLT prediction

strong scattering
events at 𝑙 ∼ 𝑟𝑔

Magnetic field-line curvature scattering
→ mean-free path comparable to quasi-linear theory

The (dominant?) role of the field line curvature

→ energization through curvature drift:
…  a dominant process in reconnection physics1

… field line curvature: 

… curvature drift:

… statistics of 𝜅:  a powerlaw a large values2,  p.d.f.(𝜅) ∝ 𝜅−2.5 ⇒ origin, connection to statistics of random force?

Refs.: 1. e.g. Drake+06, …, Dahlin+14, … 2. Schekochihin+01, Yang+19, Yuen+Lazarian20 3. Bandyopadhyay+20, Huang+20

3D MHD simulation2

coarse-graining on grid size

Solar wind data3

Ref. Bandyopadhyay+20Ref. Yang+19
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Shocks are ubiquitous

• A flow is characterised by ρ, U, T

• In general, functions of position

• If they change abruptly, this is called a shock
• Shocks are very common in astrophysics:

Blast wave explosion
Accretion (onto star, black hole, galaxy cluster)
Mergers
Supersonic winds / outflows
Bow shocks (=supersonic flow around obstacle)
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Shocks are inevitable

• SN is expelling material at Ush > cs

• Supersonic flow close to SN, subsonic flow at infinity

• Nature of supersonic and subsonic flows very different

→ Connection must be discontinuous: formation of shock
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Parallel shock

• Consider non-relativistic shock in its rest frame

• Discontinuity in gas density and velocity:

ρ2 = rρ1 and U2 =
1

r
U1

→ Gas is compressed and slowed down

Compression ratio

Depends on the ratio of specific heats γ:

r ≃ γ + 1

γ − 1

For ideal mono-atomic gas: γ = 5/3 ⇒ r = 4
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The transport equation

∂ψj

∂t
=∇ · (κ · ∇ψj −Uψj) spatial diffusion and advection

+
∂

∂p

(
p2Dpp

∂

∂p

1

p2
ψj

)
momentum diffusion

+
∂

∂p

(
−dp

dt
ψj+

p

3
(∇ ·U)ψj

)
momentum change incl. adiabatic

−vngasσjψj − ψj

τj
spallation and decay

+vngas
∑
k>j

σk→jψk +
∑
k>j

ψk

τk→j
spallation and decay

+Sj primary sources
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Macroscopic approach
Seminal papers in 1977/78 by Krymsky; Axford, Leer, Skaldron; Blandford, Ostriker

• Consider steady-state transport equation for phase-space density f :

U
∂f

∂x
− ∂

∂x
κ
∂f

∂x
−p

3

dU

dx

∂f

∂p
= 0

• For x ̸= 0,

f (x , p) =

{
g1(p) exp

[
x

κ(p)/U

]
+ f1(p) for x < 0

f2(p) for x > 0
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Macroscopic approach
Seminal papers in 1977/78 by Krymsky; Axford, Leer, Skaldron; Blandford, Ostriker

• Can derive matching conditions and find for the spectrum at shock,

f2(p) = Γp−Γ

∫ p

0

dp′ p′Γ−1
f1(p

′) + const.× p−Γ

with spectral index Γ ≡ 3r
r−1

• With r ≃ γ+1
γ−1

= 4, f (0, p) ∝ p−4 ⇒ ψ(0, p) = 4πp2f (0, p) ∝ p−2

Strong (r = 4) shock accelerates CRs to p−2 spectrum!
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Microscopic approach
Fermi (1949)

• Collision of particle with ∞ massive cloud

• Two types of collisions:
θ ∈ [0, π

2
] “head-on”

θ ∈ [π
2
, π] “trailing”

1 Transform E and px to cloud frame (primed):

E ′
1 = γ(E1 + Up1 cos θ)

p′
1x = p′

1 cos θ
′ = γ

(
p1 cos θ +

U

c2
E1

)
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Microscopic approach

1 Transform E and px to cloud frame (primed):

E ′
1 = γ(E1 + Up1 cos θ)

p′
1x = p′

1 cos θ
′ = γ

(
p1 cos θ +

U

c2
E1

)
2 Collision in cloud frame:

Energy conserved: E ′
2 = E ′

1
Momentum flipped: p′2x = −p′1x

3 Transform back to observer frame:

E2 = γ
(
E ′
2 − Up′

2x

)
= γ

(
γ (E1 + Up1 cos θ) + Uγ

(
p1 cos θ +

U

c2
E1

))
= γ2

(
E1 + 2Up1 cos θ + E1

(
U

c

)2
)

= γ2E1

(
1 + 2U

v1
c2

cos θ +

(
U

c

)2
)
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Microscopic approach

3 Transform back to observer frame:

E2 = γ2E1

(
1 + 2U

v1
c2

cos θ +

(
U

c

)2
)

4 Expand γ2 in U/c

γ2 =
(
1− (U/c)2

)−1

≃ 1 + (U/c)2

and let v1 ≃ c:

⇒ E2 ≃ E1

(
1 + 2

U

c
cos θ + 2

(
U

c

)2
)

⇒ ∆E ≡ E2 − E1 = E1

(
2
U

c
cos θ + 2

(
U

c

)2
)

cos θ > 1 ⇒ energy gain
cos θ < 1 ⇒ energy loss
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Microscopic approach
Seminal papers in 78 by Bell

• Particle crossing shock always suffers “head-on” collisions

→ Systematic energy gain, ∆E/E ∼ (Ush/c)
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Non-linear shock acceleration

Shock modification

• CRs contribute to the pressure of the system

• Slow-down of flow → precursor

• Compression depends on position

→ Spectral curvature

Philipp Mertsch Cosmic ray theory (II) 30 July 2026 39 / 49



Outline

1 Motivation
2 Fundamental observations

Spectrum
Anisotropy
Composition

3 Key insights
Grammage
Cosmic ray clocks
Rigidity-dependence
Source candidates

4 Cosmic-ray transport
The transport equation
Diffusion
Other processes
Galactic transport
Beyond quasi-linear theory

5 Shock acceleration
Shocks
Macroscopic approach
Microscopic approach
Additional effects

6 Solar modulation
Heliosphere
Solar cycles
Force-field model
Drift effects

7 Measurements and interpretation
Spectral breaks
Non-universality
Spectral coincidences
Electrons and positrons

Philipp Mertsch Cosmic ray theory (II) 30 July 2026 40 / 49



Heliosphere



Solar activity
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Solar activity

CR flux anti-correlated with solar activity
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Force-field approximation

• Transport equation:

∂f

∂t
−∇ · (κ · ∇f − Cvf ) +

1

3p2

∂

∂p

(
p3v · ∇f

)
= q

with Compton Getting factor C ≡ − 1
3
∂ ln f
∂ ln p

Assumptions

• Steady state: ∂f /∂t = 0

• No sources: q = 0

• No momentum loss in fixed frame:
〈
dp
dt

〉
= 1

3
v · ∇f

f
= 0

⇒ Zero-streaming condition:
κ · ∇f − Cvf = 0
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Force-field solution
Gleeson & Axford, Gleeson & Urch, Caballero-Lopez & Moraal

• Spherical symmetry:
∂f

∂r
+

Vp

3κ

∂f

∂p
= 0

• Solved by method of characteristics:

fTOA(pTOA) = fLIS(pLIS)

TOA: top of the atmosphere, LIS: local interstellar

• Assume factorisation, κ(r , p) = κ0(r)p

⇒ pTOA = pLIS − φ where

φ =

∫ rLIS

rTOA

dr ′
v

3κ0(r ′)

• Simple relation

JTOA(pTOA) =
(pTOA)

2

(pTOA + φ)2
JLIS(pTOA + φ)
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Vittino, Mertsch, Gast, Schael

at a maximum, and electrons and positrons will have been
modulated similarly. This is in line with the curves in the
right panel of Fig. 7 being closer together.
Despite the fact that our solar modulation model is

able to reproduce the average spectra remarkably well,
and with parameters that are compatible with our
expectations, a word of caution is in order about the
possibility of using the parameters of our model to make
predictions outside of the AMS data-taking period.
Indeed, since our model is based on a simplified
description of solar modulation and, at present, AMS
data cover only a limited fraction of the solar cycle, we
do not expect our model to have strong predictive
power. To better illustrate this point, we plot in
Fig. 8 the prediction of our model, extended in the
past by assuming a 22 years periodicity for the electron
and positron force-field potentials, compared to the e−

flux and the e¼=e− ratio measured by PAMELA [23,59].
The predictivity of our solar modulation model will
certainly improve if its parameters were tuned on a
dataset extended over a whole solar cycle, but still it has
to be taken into account that different solar cycles might
also be very different, and therefore a simple periodicity
of the force-field potentials might not be a realistic
assumption.

IV. SUMMARY AND OUTLOOK

We have presented a model of the cosmic-ray electron
and positrons fluxes over a wide range of energies, from
the mega-electron-volt to the tera-electron-volt domain,
reproducing not only fluxes measured locally, but also the
Galactic radio background and measurements outside
the heliosphere. For sources of electrons and positrons

we have considered SNRs, charge-symmetric extra sources,
and spallation processes in the interstellar medium.
Moreover, we have assumed the Galactic transport of
electrons and positrons to be purely diffusive. In order
to motivate the spectral breaks needed in the spectrum of
SNRs, we have carefully considered the influence of
different datasets. A satisfactory fit to the high-energy
domain of the electron and positron fluxes measured by
AMS and to the diffuse radio emission can be achieved
with a simple power law for the electrons injected by SNRs.
However, such a model overproduces electrons atOðMeVÞ
energies as measured by Voyager I. Instead, a spectral break
in the SNR spectrum is required. Including in our fit also
recent time-dependent electron and positron top-of-atmos-
phere fluxes requires modeling the effects of solar modu-
lation, which we have performed within a simple extension
of the standard force-field approximation. We have shown
that the fit to solar modulated data requires the electron
spectrum injected by SNRs to be steeper atOð1 ∂ 10Þ GeV
energies, and this makes a second spectral break at high
energies necessary to fit the electron flux. In addition, the fit
to the AMS time-dependent datasets has also proven that
our solar modulation model works very well in reproducing
the long-term trends of the low-energy electron and
positron fluxes.
We stress here that in this work we have worked under

the hypothesis that CR transport in the Galaxy is purely
diffusive and this clearly has an impact on the results
that we have found. In particular, one should expect
that if other processes (e.g., reacceleration and convec-
tion) are taken into account the observed data could be
fitted by different electron and positron LIS, namely with
a different configuration of the spectral breaks in the
injected spectra. This has been investigated in detail in

FIG. 9. Left: All electron spectrum, plotted together with the different datasets considered in this work. The green points represent the
average over the AMS data-taking period of the time-dependent datasets of Ref. [24], while the dashed black line is the average over the
same time period of the all-electron flux predicted by our solar modulation model with the best-fit parameters of Table V. The gray lines
show the contributions from the different electron and positron sources. Right: Same as in the left panel, with the addition of the e¼ ¼ e−

LIS of Ref. [55] (red, dot-dashed line) and the e− LIS from Ref. [60] (green, dotted line).

BREAKS IN INTERSTELLAR SPECTRA OF POSITRONS … PHYS. REV. D 100, 043007 (2019)

043007-15

Philipp Mertsch Cosmic ray theory (II) 30 July 2026 46 / 49



Drift effects

• In inhomogeneous B-fields, CRs move ⊥ to field lines:

∂f

∂t
−∇ · (κ · ∇f − Cvf − vDf ) +

1

3p2

∂

∂p

(
p3v · ∇f

)
= q

where vD ∝ ∇× b̂ depends on charge

• Also: current-sheet drifts
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Charge-sign dependent modulation

Drift patterns of positively charged particles

• In A > 0 cycles,

{
positive
negative

}
particles arrive mostly from{

polar
equatorial

}
direction

• In A < 0 cycles,

{
positive
negative

}
particles arrive mostly from{

equatorial
polar

}
direction

→ Different propagation times → different energy losses → different modulation
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Any questions?
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Small-angle scattering

rg

∼ Lc

δθ

• Mean-square deflection from crossing one domain:

⟨(δθ)2⟩ ≃
(
Lc

rg

)2

• Number of domains crossed in time ∆t:

N ≃ c∆t

Lc

• Mean-square deflection from crossing N domains:

⟨(∆θ)2⟩ = N⟨(δθ)2⟩ ≃ c∆t

Lc

(
Lc

rg

)2

• When ⟨(∆θ)2⟩ = 1, ∆t ≡ tsc:

tsc =
Lc

c

(
rg
Lc

)2

• Spatial diffusion coefficient:

κ =
c2

3
tsc =

cLc

3

(
rg
Lc

)2
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We do not understand how supernova remnants accelerate to Eknee

What is Emax?

• Equate age with acceleration time: tage = tacc = 8
κ

U2
sh

• Assume Bohm diffusion: κ =
cℓmfp

3
=

crg
3

=
c

3

Emax

qB

• Hillas-like relation: ⇒ Emax ≃ U2
sh

c
qBtage or

Ush

c
qBR

• With typical values: Ush = 104 km s−1 , B = 1µG , tage = 103 yr

⇒ Emax,b ≃ 100TeV ≪ Eknee

Lagage and Cesarsky (1983)

1 Choosing larger tage does not help: Ush ∝ t
−3/5
age , so Emax decreases with time

2 Need to amplify B-field to B ≃ 100µG

Diffusion coefficient

Gyro radius
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The Bell instability can amplify B-fields
Bell (2004)

Cosmic ray
electric current j

• If B-field too weak, particles escape

→ Electric current j

• Waves modes unstable in the presence of current j

B

j× B

j× B

• CRs with gyroradius rg tied to field lines

→ Instability saturates once λ ∼ rg

• B-field density satisfies εB ∼ Ush

c
εCR
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B

j× B

j× B

Cosmic ray
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• CRs with gyroradius rg tied to field lines
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The highest CR energies can be achieved at start of Sedov-Taylor phase

• Shock speed Ush enters into growth rate γ through escape current j

• Saturation field B ∝ U
3/2
sh

• Ush ∝ t
−3/5
age

→ Emax ∝ U2
shBtage ∝ t

−11/10
age

Caprioli, Blasi, Amato (2009)
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