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Day 1: Introduction to Gravitational Waves (GW) and Data analysis techniques
e GW and interferometric detectors
e GW emitted by a compact binary coalescence (CBC) and the first evidence of GW emission

e Data analysis techniques for GWs: Frequentists VS Bayesians

Day 2: Physics and Astrophysics of notable Gravitational Wave sources

Day 3: Gravitational Wave Cosmology
e A review of the cosmic expansion

e Methodologies for GW cosmologya
e (Current constraints
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Gravitational Waves (GWs) are propagating h(t)~

perturbations in the spacetime metric caused by
time-varying mass-energy distributions

GWs changes the proper distance between two
freely-falling test masses and they have two
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https://docs.google.com/file/d/1cDkFtpzPX4ZPteJQmmgQbO1_AyF8qh5N/preview

Mirrors weight 42 kgs to reduce
the radiation presure noise

Superattenuators for seismic isolation

Coatings to reach a Finesse of ~400

<R

[Py —

S. Mastrogiovanni - ISCRA 2026 5

Gravitysirens



s

[Py —

S. Mastrogiovanni - ISCRA 2026 6

Gravitysirens



e The sensitivity of a GW detector is
estimated with the Power Spectral
Density (PSD), namely the average
fluctuation of the noise in a frequency
range.

e LIGO, Virgo and KAGRA have
progressively increased their sensitivity.

e  Given the sources we are looking for, we

can convert the PSD to a detection range.
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For a binary system in quasi-circular orbits GR
predicts the emission of GWs.

The Luminosity (energy radiated) in GWs is

Low = Frie g;g‘-(ljkljk> Quadrupole formula

Where the | are the third derivatives w.r.t time of
the quadrupole moment of the system.

For a system of point mass particles

N e
A
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During the inspiral GWs are emitted and the system loses energy. The two objects rapidly approach
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http://www.youtube.com/watch?v=S2vp7iVWrkE

To understand how fast the two objects approach, we need to write the energy of the system. For a
two-point mass particles.

Reduced mass

Gravitational energy Gravitational energy MM,
_ L= b
1 GuM M = My + Mo M +M,
2 @

We can derive the energy w.r.t to time to calculate the luminosity. By assuming that all the energy is
emitted in GWs, we have

. 1 GuM ]
~E=low=3-g a=-E
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XX- component

L = (M a3+ Mza%) cos” ¢ + constant terms
1 5
=3 Ua“ cos2¢ + constant terms,

YY component

1
Ly = — 5 a* cos2¢ + constant terms

m2

YX-XY component
— . — 2
Ly =Ly = 5 Wa”sin2¢ + constant terms
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If the dynamic of the orbit is described by th Kepler law (radius of the orbit >> radius of the two
bodies), then we can relate the shrinking of the orbit to the variation of the orbital period

Kepler’s Izw > P B 3
P2 a3

But the shrinking of the orbit can also be related to the GW luminosity

. 1 GuM a :
—E=Low =3 52 a=—F-— | > g

Therefore we can relate the orbital period variation to the GW luminosity

P 3a 3E 3 RG'Mp’ (“2a) 96GM°y

P 2a T2E 258 & GuM_ 5 &
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T = orbital period =
SUME-Mayor axis =
gccentricity
LM
1.39M

Perastron = 0,746 x 10* kkm
Apastron = 3153 X 10* km
Inclination =
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http://www.youtube.com/watch?v=zT3TkA_u0Ws&t=81

Line of zero orbital decay 1 Theory (taking into account ellipticity)

1 dP
i —=-24-107"
3 0

Measured value

1 dP
| == (2.4184 +0.0009) - 10~
] Good agreement between theory and
observations.

Cumulative shift of periastron time (s)

Genaral Relativity prediction

455_ | | | | | 1 Inthe following years this kind of measure has
i 0 g AR S been repeated for other binary pulsars (PSR
J0737-3039A)
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https://docs.google.com/file/d/1smQEusCGoKx_XKRTpFBiI-r4zYeXVQgI/preview

GW150914 was detected on

September 14, 2015 at
09:50:45 UTC.

The signal was observed

between 35 and 250. The

strain peak was around
le-21.

The signal had a SNR of 24.
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Hanford, Washington (H1)

—— H1 observed (shifted, inverted)
T T

— Numerical relativity
Reconstructed (wavelet)
B Reconstructed (template)
I I

H — Numerical relativity
Reconstructed (wavelet)
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The parameters:

® Intrinsic: Spins, Masses, tidal deformability, Eccentricity
e Extrinsic: Time, reference phase, sky position, luminosity distance,

orbital orientation
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https://pycbc.org/
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We can estimate the source-frame mass of the

system by remembering that the chirp mass is
4 related to the frequency evolution.

87)8/3 ( G\
(87) ( ) e 3

T O
Jow ===~

The chirp mass can be estimated from the

& 8
Frequency (Hz)

71 previous plot doing a linear fit.

86

i If you want to try it:
195

Check for the paper describing this

activity.
e The frequency of the GW is saved in this
file.
- ISCRA 2026
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https://arxiv.org/pdf/1608.01940.pdf
https://docs.google.com/spreadsheets/d/1Yp7jpJDdbsQD76yNMTl5SbBnx6ancsHx9moVZk1fIks/edit?usp=sharing

Once you have fit for the chirp mass, by assuming that the two masses are equal you will see
that

m1=m2=21/5,,ﬂ=35M® M= m1+m2=7OM®

We can then convert the total mass to the radius of the orbit using the Kepler’s law. You will
see that the radius of the orbit is of the same order of the Schwartchild radius of the two
objects.

1/3 2Gm m
M - -
R ... = 350 km Fschwarz (1) = z 2.95 (_MQ ) km

w12<ep | max
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S

® Gravitational Wave Open Data workshop: Online course with lectures, Tutorials.

e A good introduction to GW DA aspects (from the G\W stochastic searches)

e Anintroduction to LVK CBC signal extraction (from C. Berry blog article).

e Information Theory, Inference, and Learning Algorithms - D. MacKay (for a longer introduction)
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https://gw-odw.thinkific.com/courses/gw-open-data-workshop-6
https://github.com/gw-odw/odw-2023
https://arxiv.org/pdf/1608.06889.pdf
https://cplberry.com/2020/02/09/gw-data-guides/

The scope of data analysis for GWs:

Is there a signal?

©)

Detection problem

What parameters the signal has?

©)

Parameter estimation

Is it a Binary Neutron star or black hole?
O

Model selection problem

S. Mastrogiovanni - ISCRA 2026

Normalized amplitude

Signal in the data

-250 -200 150 -100 -50 0
Time (s)

In this data strain there is a Binary
Neutron star signal with 1.4-1.4
solar masses.
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Introduction tc

The data is the composed by:

e Noise: We assume the noise to be gaussian and coloured noise (we will see later what
this means.)

e The signal from the GW source reprocessed by the detector response.

The data can be though as a collection of data points with signal and noise.

24



e We want to look for this signal with “matched filtering”.

e Matched filtering cross-correlate your data with a template.

e When the template matches the signal in data, then you have a spike in the

cross-correlation

] 1 e T e j = e st
0,3_.5 .......... .............................. ................. ——f(t-) 1
0.3_5 .......... ............................... ................. ?f(:-g?(t)
04_ ............................... ........... _

f ZI' -155 1| -0.5 [Il 0.5 1I 155 2|

v &t
C(r) = g(t) * () = / £(t —7)g(t)dt
t
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The convolution theorem relates multiplication of functions in time/frequency domain to
convolutions in frequency/time domain

F| / F(t — T)g(t)dt] = F(w)g(w)

]_-_1[/ Fflw—wg(w)dw] = F(t)g(t)
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samples

Hamming window (ay = 0.53836)

Gravitysirens

samples

.

Fourier transform

0.7

decibels

Fourier transform

decibels

Welch window

samples

Hann window

samples
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Fourier transform
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Here we are dividing the data in 4 seconds chunks and for each of them we plot and FFT.

Higher time resolution
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Time-Frequency plots for LIGO are generated with a special FT.

S. Chatterji et al. CQG (2010)
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d(t) = n(t) + h(t)

We want to find the optimal filter to convolve with the data f(t)

c(t) = d(t) x f(t) = n(t) * f(t) + h(t) * f(t)
We want to find the optimal filter that maximise the following quantity(SNR)

A (t) * f(t)I?
[[n(2) % f(2)[?]

2 _
SNR_E

We whitened the
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We want to find the optimal filter to convolve with the data f(t)

c(t) = d(t) * f(t) = n(t) * f(t) + h(t) * f(?)
We want to find the optimal filter that maximise the following quantity (SNR)

) * fO1P | JR(FF (e df|?
In(®) x FOP]  E[l [ n(f)F(f)e> 7 df|?]
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The noise background that you have seen in the previous plots it is called power spectral

density (PSD)

Power spectral density connected to

the fluctuation of gaussian noise.

p(n) oce” 310y ;g

1
Cij = §Sn(fz')5ij

Can have different amplitude at
different frequencies.

Advanced LIGO
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' Introduction tc

Remember from the previous slide that: E[n(H? = Sn(f)

[/ h(f) f)e%”defl2 lflh f)IQdfle(f |%df
JSOIESIPdf £) J1E () Pdf

| have assumed that the spectrum is “flat” and used the Cauchy-Schwartz inequality

The Matched filter is the one that allow me to write the Equality in the above disequality,
namely

F(f) = h(f)e 2™
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With these choice of filter, the SNR become
SNR? =< hlh >= /

The SNR is basically an area!
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Signal to noise events of several events at comparison
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1. We take calculate a template for the waveform, corresponding to some physical parameters,
e.g. masses etc.

2. Weslide it on the data and look for excess in the cross-correlation/SNR.

Signal in the data
4 10.0 1

75 1
5.0 1
25 1
0.0 1

-2.5 1

Normalized amplitude
(=]
Cross-correlation

-5.0 1

-10.0 1

0 200 400 600 800 1000
Time (s)
Time (s)
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1. When the template is matching the noise, we generate noise background realizations, that
can be used to assess the significance of our candidate.

2.  When we match the signal, we obtain a very strong outlier, which is not compatible with the
background distribution of the noise.

3. A preliminary significance can be calculated using the p-value (or False alarm probability).

0.40 1

0.35 1

0.30 A

-4 -2 0 2 - 6 8 10
Cross-correlation
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In a real search, we take all of our data and we slide pre-built templates for each interferometer.
Then we match the interferometer results taking into account the travel-time between them.
Livingston data

Travel time between the LIGOs (8ms)

Hanford data

Signal

‘L \/

Noise Noise Noise
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To generate noise backgrounds we perform the same search but matching the data between
interferometers “wrongly™ Livingston data

Non physical time-shift

Hanford data

False Alarm Rate: In X-years of data, how

Contamin v . many times we obtained a value of a given
. Contamination e
ation statistic?
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The significance of this event was 1 event per 203 000 years, equivalent to a significance

greater than 5.10.
The event was so loud that contaminated the noise backgrounds when time-sliding data.

Generic transient search

Detection statistic n¢

Binary coalescence search

20 30 20 30 - lo >5.10
h 20 30 B > 4.60 |20 30 a8 10 >5.10
10 mEE Search Result (C3) 10 mmm Search Result
10! — Search Background (C3) 10! — Search Background
0 44 Search Result (C2+C3) 0 —— Background excluding GW150914 ]
o i — Search Background (C2+C3) ¢ 18 L0 '
g 107 T | 510 T .
5 10—2 1 E a 10—2¢ 1
"6 10-3 GW150914 ] ‘“é 10-3 GW150914'
L.
g 10—4 E 8 10_4r E
g 10—5 3 § 10—5r “[f‘.fr-\'l‘“.rrl r |-’]. 9
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b e M (1
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Detection statistic o
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Hands-on session: Spectrograms, spectra and Q-transform

Link

l"’
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https://colab.research.google.com/github/simone-mastrogiovanni/GW_teaching_material/blob/master/GW_spectral_analysis/GW_in_frequency_domain.ipynb

If our noise is gaussian with 0 mean and given PSD, then the likelihood for obtaining N points
of noise is

_1 1
p(n) X e_%n’icz'j n; Cz',j - §Sn(.fz)5z_7

However, remember that your data is a super-position of noise and signal... hence

p(n) = p(d — h) ox e<4-hld=>

Where | have defined < alb>= 2/lfu a(f)b*(f;n-zfcg*(f)b(f) df

v @ - S. Mastrogiovanni - ISCRA 2026 42
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The scalar product that we have introduced, is directly related to the definition of the SNR.
In fact, as we have seen before.

The higher the SNR, the more peaked is the likelihood

Tu |n(f)?

sanY

SNR? =< h|h >= /

v @ - S. Mastrogiovanni - ISCRA 2026
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Procedure that we follow in GW data analysis for estimating the parameters of a signal

Try some signal with some
parameters

MCMGC /

Posterior
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A brief introduc

We have two possible kind of approach to data analysis
e The Frequentist approach: Based on the possibility to repeat your experiment.

e The Bayesian approach: Based on subjective probability.

Both the methods needs the definition for a likelihood.

The Likelihood is a measurement of the “probability” to produce the data you have observed, given your
“signal”.
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A brief introduc

The most known likelihood, the Gaussian Likelihood. 1 — @
L(z|lo,p) = —F——€ 2
V2To

Lo T T T T U T T T T I T R EES AR I
Gaussian likelihood: i p=0, 0?=02, == ]

=0, 02=10, ==
ey H=0, 0?=50, =— |
e Gives the probability of obtaining a - p=-2, 0?=05, — -

data sample x given two parameters:
mean and variance
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A brief introduc

Having the likelihood, both the frequentist and the Bayesian method can work.
For frequentists: The likelihood is a probability that can be estimated by repeating my experiment.
Example:

Draw N samples from a Gaussian distribution and then histogram it. From the histogram, you can
calculate the mean and the standard deviation.

For Bayesian: The likelihood is a model and the probability is the belief of the experimenter in that
model.

49



Two competing

Having the likelihood, both the frequentist and the Bayesian method can work.

* For frequentists: The likelihood is a probability that can be estimated by repeating my
experiment.

Example:
Draw N samples from a Gaussian distribution and then histogram it. From the histogram, you can

calculate the mean and the standard deviation.

® For Bayesian: The likelihood is a model and the probability is the belief of the experimenter in
that model.
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Th.gf;fe(jilentis

For a frequentist, detecting something means to choose between two hypothesis:

e Hypothesis 0: The signal is not present.
® Hypothesis 1: The signal is present.

In order to decide what hypothesis we believe, frequentists construct a “detection statistic”, i.e. a
number for which you can quantify

A Detection statistic. Just a number
p(A|H0) Distribution of Lambda under the null hypothesis

p(A|H1) Distribution of Lambda under the hypothesis 1

51



Detection

(0.)

i p = Prob(A > Acbs|Ho) = f p(A|Ho) dA
Aobs

Noise-only distribution of the detection statistic

J. D. Romani & N. Cornish, Living Rev. Relativ.
2017, 20:2

A+ Aobs

We reject the Hypothesis 0 using a (1-p)% Confidence Level. If your detection statistic exceed the
threshold of the noise-only distribution! Well you have a detection.

False alarm probability: The probability of confusing noise for signal. The noise can be mistaken as a
detection!

52



detection probability

A Good Freauentist method has two variables under control.
o = Prob(A > A,|H)p)
B(a) = Prob(A < Ay|Hy)

1

0.9

o
©

e
3

o
)

o
o

I
kS

o
w

o
N

o
-

o

' Detection probability
/ for a GW with SNR 4

0.2 0.4 0.6 0.8 1

false alarm probability

False alarm probability - The noise can produce triggers

False dismissal probability (1- Detection
probability)

When you decide a threshold for your detection
problem, you need to find the sweet spot
between

e A Low false alarm probability.
e An high detection probability

J. D. Romani & N. Cornish, Living Rev. Relativ.
2017, 20:2
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Th.gfye(jﬁentis

Estimating parameters for a frequentist means:

. . AL . . . . a
e Build an estimator ain the Hypothesis that a signal is present with a parameter

e Draw the estimator G several times, these will give confidence intervals.

: - : Prob(a — A < & < a + A) = 0.95
e Repeat this experiment many times. rob(a —A<a <a+A4)

p(ala, H,)

J. D. Romani & N. Cornish, Living Rev. Relativ. s
2017, 20:2 a
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Bayesian inferen

In these notes we are going to touch only the Parameter Estimation for Bayesians.

But before we need to understand the Bayes Theorem.

Likelihood Prior

PosterZr B p([l?|h)p(h)

Proof (very easy)

p(hlz)p(z) = p(x, h) = p(z|h)p(h)
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Bayesian inferen

In these notes we are going to touch only the Parameter Estimation for Bayesians.

® Prior: A belief of the experimenter on the values of the parameters. You can use “flat” priors if
you don’t want any information.

® Likelihood: We have seen it.
® Evidence: The integral of the numerator w.r.t. the parameters. It is a normalisation factor.
® Posterior: This is what we want. The probability of the parameters given the data.

Likelihood Prior

p(z|h)p(h)

p(x ) Evidence

Posterior

p(hlz) =
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Bayesian inferencgh An example

A random process generating numbers from a normal distribution with mean 0 and variance 1.

Your experiment however gives you only numbers > -1. How you can estimate the mean from these
samples?

0.5 - R With no selection
With selection

0.4 1

0.3 1

c(x|w, o)

0.2 1

0.1 1

0.0 -
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Bayesian infereficgh An example

If you include the selection effect, you will converge to the correct value of the mean.

p(pl{z}) o< L{z}Hw)p(p) = p(p) H L (x| )

You can even do it analytically! as] —
0.030 4 H Experiment n®2
. Experiment n°3
Exercise: 0.025 1 Experiment n°4
_ Experiment n°5
S 0.020 1 —— All combined
e Show that the expected value of 3
. H S 0015 -
the posterior is the mean. -
a.
0.010 - |
|
e Show that the second statistical 0.005 - J
moment is sigma/srt(N) — k
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Bayesian inferenicgy The selection bias

How to include this?

We should modify the normalisation factor of the likelihood because we know that there are some
values of x that we cannot observe.

Likelihood before the selection effect
exp[—(x — u)*/(26%)] 1

L(x|p) = = —(x — w*/26*
(x| 7™ expl—tx — 107207 il exp[—(x — u)"/(267)]

Likelihood after the selection effect

ey = - SPEE— WH _ expl-(x — wPH20?)]
W T explm(x — 2o dx TGk x)
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Bayesian inferenicgy Parameters

The process of a Bayesian Learner

_ p(ala)p(a)
plal®) = o ela)p(a)

plald)
" The posterior is a

distribution

area = 0.95 ]
When the posterior

goes to zero

J. D. Romani & N. Cornish, Living Rev.
Relativ. 2017, 20:2 .
You can provide

ol Constraints

Amode - A Amode Amode + A
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Bayesian inferenicgy Parameters

The process of a Bayesian Learner

plald)

r

_ p(ala)p(a)
plal®) = o ela)p(a)

Relativ. 2017, 20:2
»

Amode

q20%,UL

J. D. Romani & N. Cornish, Living Rev.

The posterioris a
distribution

When the posterior
does not go to zero

You can provide upper
limits
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https://colab.research.google.com/github/simone-mastrogiovanni/GW_teaching_material/blob/master/DA_basics/Estimate_the_gaussian_mean.ipynb
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